1. Introduction and statement of results.
Introduction.
We present here first an approximation theorem (Theorem 1) for certain limit functions defined on a general topological space. This strengthens a result which may be found in Hausdorff [l] . With the aid of this theorem we characterize the limits of some classes of discontinuous functions in Theorem 2. Denote by 51 a topological space. All functions considered are real valued. Convergence means pointwise convergence unless otherwise stated. Suppose/ is a function defined on S, xES, and/ is not continuous at x. The statement that (x,/(x)) is a removable point of discontinuity means that there exists a function g which agrees with / on 5-{x} and which is continuous at x. The statement that the function u defined on S is upper semicontinuous means that, if xES and d>u(x), then there exists a neighborhood V of x such that, if yE V, then d>u(y).
The function I is lower semicontinuous if -/ is upper semicontinuous.
1.2. Statement o/ Theorems. Theorem 1. Suppose M is a linear space o/ real valued /unctions defined on S which contains a nonzero constant /unction and which is closed under the operation o/ absolute value, and U is the set to which u belongs only in case u is the greatest lower bound o/ a countable subset o/ M. Then, i/ the/unction / defined on S is the limit o/ a sequence o//unctions in M, it is the uni/orm limit o/ a sequence each term o/ which is the difference o/ two members o/ U, each of which is bounded above.
Theorem
2. Suppose S is per/ectly normal and/ is a/unction defined on S. Each two o/ the /ollowing three statements are equivalent:
(1) the/unction / is the limit o/ a sequence o//unctions, each o/ which has at most a finite number o/ points o/ discontinuity, each o/ which is removable;
(2) the /unction / is the limit o/ a sequence o/ functions, each of which has at most countably many points of discontinuity; and (3) there exist a function g which is the limit of a sequence of continuous functions and a countable subset T of S such that, if xES-T, f(x)=g(x).
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (b) 2-^3: Suppose {/j,}"_i is a sequence of functions defined on 5 converging to / such that each term of the sequence has at most countably many points of discontinuity. Define T= {x\/p is discontinuous at x for some positive integer p}. The set T is countable. Define R = S-T, rp to be the restriction of /p to R, and r to be the restriction of/ to R. Thus, {rp}p=i, rpEC(R), converges to r. Now we apply Theorem 1. We take M to be the set of all continuous functions defined on R. The limit from above of a monotonic sequence of continuous functions is upper semicontinuous.
Therefore, the set U of Theorem 1 is a subset of U(R). Thus, r is the uniform limit of a sequence {op}"=i, where each bp is the difference of two upper semicontinuous functions, each bounded above. A function uEU(R) which is bounded above can be extended to a function vEU(S) by defining p(x) = g.l.b. {l.u.b. {w(y)|yGF}| V a neighborhood of x} where this lower bound exists. There exist at most a countable number of points xi, x2, • • ■ of S where the lower bound does not exist. At these points define v(xp) = -p. By this means bp can be extended to a function dPEU(S)+L(S). Since {dp}p=i converges uniformly to/ on R, we can assume without loss of generality that | dP(x) -/(x) \ <l/p for xER and all p. Define cp = dp+l/p and ep = dp-l/p. If Define g to be the average of the limit of {mp}p=i and the limit of {<Zp}p°=i-As both sequences converge to/ on R, g agrees with/ on R.
Define ap = mp+l/p and f}p = qp-l/p. As aj,G2(5), fipEUiS), and ap>fip, by a theorem due to Nagami [3] there exists a function gP£C(S) such thatap>gp>/3p.
Denote the points of Tas {xi,x2, • • • }. The function gp can be chosen so that it agrees with g at the first p points of T. This statement can be justified as follows: Consider the first two points of T, Xi and x2. If every neighborhood of Xi contains x2 or vice versa then every continuous function has the same value at Xi and x2. This is also true of the functions in CiiS), in particular those in (7(5) and 2,(5). Thus, g(xi) =g(x2). As S is perfectly normal, xi and x2 are contained in a closed subset of a neighborhood V of Xi or x2 which has the property that there exist numbers ai and a2 such that if zEV, aPiz)>ai>gixi)>a2>fiPiz).
If there is a neighborhood of xi which does not contain x2 and vice versa, then there exist a neighborhood V of Xi and a neighborhood W of x2 such that Xi belongs to a closed subset of Vwhich does not intersect Wand there exist numbers aianda2suchthatifz£F,ap(z)>ai>g (^x) > a2 > fip (2) . The neigh borhood W has similar properties. In either case Urysohn's lemma can be used to modify gp such that it agrees with g at Xi and x2 but is still continuous and between ctp and /3P. This process can be continued for a finite number of points of T.
The sequence {gp} "=1 converges to g. If xER,fix) =g(x). for x£S. The function/p has at most a finite number of discontinuities, each of which is removable. The sequence {/p} "=, converges to/.
